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Abstract
The dependence of the Z-resonance shape on the location of the
threshold of the NN¯ production (N is the 4th generation neutrino) is
analyzed. The bounds on the existence of 4th generation are derived
from the comparison of the theoretical expression for the Z-lineshape
with the experimental data. The 4th generation is excluded at 95%
C. L. for mN < 46.7 0.2 GeV.
1 Introduction
The straightforward generalization of the Standard Model through the inclu-
sion of extra chiral generations of heavy leptons (N, E) and quarks (U, D)
was studied in a number of papers [1]. The bounds on the existence of the
4th generation from the analysis of the electroweak data t were obtained
in [1{5]. However, the dependence of Z-resonance shape on the contribu-







of N N production was not considered in [2{5], because the results were ob-
tained in the Breit-Wigner approximation. This approximation is valid for
the thresholds of 4th generation particles production being far from mZ . If
the threshold location approaches mZ (mN ! mZ=2), than one gets a fast
worsening of the t (see Fig. 4 of [4]). It is due to the fact that the stan-
dard approach to the radiative corrections to the electroweak observables,
used in [1{5], does not work in the presence of the heavy neutrino (N) with
mN−mZ=2 < ΓZ . After Taylor expansion over p2−m2Z the expression for the
polarization operator tends to innity for mN ! mZ=2, because the point,
at which the Taylor expansion is performed, becomes the branch point of the
polarization operator.
According to the results of [2{5] the best t corresponds to mN  50
GeV, that is why careful analysis of the region mN  mZ=2 is undertaken
in this paper. We study the dependence of the Z-lineshape on the location
of the threshold of N N production. We analyze the energy dependence of
e+e− ! Z ! hadrons cross section near Z-resonance and nd that it exhibits
a characteristic behavior near the threshold, a casp 1. The casp is caused by
the square root (
√
s− 4m2N), appearing in the contribution of 4th generation
neutrino to the polarization operator of Z-boson. The form of the casp is
determined by the location of the threshold with respect to mZ .
Then we compare the theoretical expression for the Z-lineshape with the
experimental data , presented in [11], using the ZFITTER [12] in order to take
into account the electromagnetic corrections, and nd that the 4th generation
is excluded at 95% C. L. for mN < 46:7 0:2 GeV. This bound depends on
the masses of the charged 4th generation particles and on the mass of the
higgs. Using the results of [5], we x the mass of the charged lepton (E) and
take into account that the splitting of quark masses and higgs mass are not
independent. This leaves us with one free parameter { the splitting of quark
masses, which we vary from 0 to 50 GeV. This variation is the source of the
theoretical uncertainty in the bound on N mass as well as the uncertainties
of the input parameters of ZFITTER. Note, that the 2=nd:o:f: for the Z-
lineshape with 4th generation is even better for certain region of mass values
1Such behaviour of the cross section in quantum mechanics was discovered by Wigner,
Baz and Breit and is discussed in textbook [9]. In particle physics analogous phenomenon
was considered in [10]. Unlike cases analyzed previously, Z-boson physics is purely per-
turbative, allowing to get explicit formulae for cross section. However, being perturbative
the variation of cross section because of the casp are small. Nevertheless, high precision
of experimental data on Z production allow us to bound N mass from below.
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then the 2=nd:o:f: for the SM prediction.
The paper is organized as follows. In section 2 we discuss the general
behaviour of the cross-sections near threshold. In section 3 the exact formulae
for the contributions of 4th generation particles to the cross section of e+e− !
hadrons are presented. We study the behavior of the e+e− ! hadrons cross
section near the threshold of N N production in section 4. Using the result
of section 3 we compare our prediction for the Z-lineshape in the presence of
4th generation with the experimental data in section 5. The conclusions are
presented in section 6.
2 The cross-sections near threshold.
Let’s consider the interaction of two particles A and B, which form some
resonance R, which in its turn decays into a system of particles f (see Fig.
1). The behavior of the cross section of this process near R-peak can be
calculated in the general case, regardless of the exact form of interaction.
We need only the partial width of particle R. The cross section near the











where s = (pA+pB)
2, M and Γ are mass and total width of R correspondingly,
I = 1=2
√
(s− (mA +mB)2)(s− (mA −mB)2). SR, SA and SB are spins of






Figure 1: The reaction A+B ! R! f .
Let’s consider the case when the reaction occurs not only near resonance,
but also near the threshold of N N production. In order to study this eect
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we write explicitly the contribution of the N N loop to the propagator of
particle R:
1
s−M2 + iΓs=M + (N)R (s)
; (2)
the imaginary part of polarization operator 
(N)
R (s) is connected with the
R! N N decay probability by the unitarity relation. The decay probability
is proportional to
√
s− 4m2N , the factor that arises from the integration





s− 4m2N , and expand the expression for the propagator near s = 4m2N ,
it will take the following form
T0 + iT1
√
s− 4m2N ; (3)
where T0 and T1 are some functions of a, b, s, m
2
Z , ΓZ . Then the cross-section
is proportional to [9]
  jT0j2 + 2
√
s− 4m2N=[T0T 1 ]; s > 4m2N
jT0j2 − 2
√
4m2N − s<[T0T 1 ]; s < 4m2N : (4)
The form of the cross-section energy behavior near threshold is dened by the
value of the angle, arg(T0)−arg(T1) (see Fig. 2 ) [9]. In all cases there are two
branches lying on both sides of common vertical tangent. Thus, the existence
of the reaction threshold leads to the appearance of the characteristic energy
dependence of the cross section. The cross section near threshold is the linear
function of
√
s− 4m2N with dierent slopes under and above threshold. The
existence of the square root branch point, s = 4m2N , prevents the amplitude
expansion near branch point in Taylor series.
a) b) c) d)
Figure 2: Dierent cases of cross section behavior near threshold. Vertical
axis is , while horizontal one is s; dashed line crosses horizontal axis at 4m2N
Below we will consider the case when R  Z.
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3 Polarization operator.
The cross-section of e+e− ! Z ! hadrons near Z-resonance is well described
by the Breit-Wigner formula [12]
SMh =
12ΓeΓh




where p = p1 + p2, p1 and p2 are momenta of initial electron and positron,
mZ is the mass of Z boson, Γe is the width of Z ! e+e− decay, Γh is the
width of Z ! hadrons, ΓSMZ is the total width of Z in the SM.
The 4th generation contributes to the Z-boson polarization operator. This
contribution can be accounted for in the expression (5) by replacing the
denominator:
jp2 −m2Z + iΓSMZ p2=mZ j2 !
jp2 −m2Z + iΓZp2=mZ + (4th)Z (p2)− <[(4th)Z (m2Z)]j2; (6)
where the subtraction is performed due to the fact that we follow the ap-
proach of [2{4] and use for mZ ,  and GF experimental values. Thus the
renormalization scheme is on-shell one. The real part of the polarization
operator at s = m2Z is subtracted in order to avoid the shifting of Z-boson
mass. It is due to the fact that the real part of the polarization operator

















is the contribution of the 4th generation to Z polarization operator. The
contribution of the N N channel into Z width is taken into account by the




Note, that ΓZ in (6) includes decays of Z into particles of the rst three
generations. The 4th generation also influences ΓZ in non-direct way. It is
due to the fact that the polarization operators of gauge bosons enter the
radiative corrections for gA and gV , which in their turn enter the amplitude
of the Z-boson decay into fermion-antifermion pair:
M(Z ! f f) = 1
2
fZ  f (γgV f + γγ5gAf) f ; (8)




Z = 0:54866(4), G is Fermi coupling constant. In the





V  + g
2
A); (9)




2 is the so called "standard" width. If we neglect
the masses of neutrinos then gV  = gA = g . For the decay into any pair of




















where ml is the mass of the lepton,   (m2Z) = [128:896(90)]−1. The
situation slightly changes in the case of Z ! qq. There appear the radiative















VA; Rl = 1− 4s2 + 3
















; Rq = 1− 4jQqjs2 + 3jQqj
4(c2 − s2)VRq; (14)
where c  cos eff and s  sin eff .
The exact expressions for VA, VR, VAq and VRq in SM can be found in [8].
The 4th generation particles contribute to physical observables through
polarization operators of gauge bosons, as it was mentioned above. This

































Z . Note that all singular terms, proportional
to 1=" (" = D − 4), in right hand side of eq. (15), arising from polarization
operators, cancel, as it was shown in [8]. Thus, the expressions (15) are nite.
However, these formulae work well for the new particles being much heavier
than Z-boson. If mN ! mZ=2 then (4th)0Z (m2Z) tends to innity. (4th)0Z (m2Z)
comes from the Taylor expansion of Z-boson polarization operator near mZ .
In order to get rid of this unphysical innity, which arise due to the fact that
the expansion is performed at the branch point of the polarization operator,
we use the exact expression for the contribution of 4th generation particles
to the Z-boson polarization operator.







































































where " ! 0, γ = −Γ0(1) = 0:577:::,  is the parameter with dimension of
mass, which is needed to preserve the dimensionality of the initial integral.




Z) arises in gA due
to the renormalization of Z-boson wave function. In order to avoid innities
we will expand near mZ only singular part of the polarization operator, i. e.
p2 −m2Z + Z(p2) =
















where index s denotes singular part and index FP { nite part. Then in
equations (15) we should replace 0(m2Z)Z by 
0(m2Z)Z js and (m2Z)Z by
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Z(m




2)jFP . The combination of singular terms in the re-
sulting expression is the same as in (15) and that’s why they cancel each
other.
Let’s consider the expression for the e+e− ! hadrons cross section in the
presence of the 4th generation. The singular part of the polarization operator

















jp2 −m2Z + iΓZp2=mZ + ((4th)(p2)− <[(4th)(m2Z)])FP j2
; (20)
where Γe = Γ
0
e=(1 + 
0js), Γh = Γ0h=(1 + 0js), ΓZ = Γ0Z=(1 + 0js) and we
used the decomposition
(4th)(p2)− <[(4th)(m2Z)]




(p2 −m2Z) + ((4th)(p2)−<[(4th)(m2Z)])FP
The cancellation of the singularities is due to the fact that Γe, Γh and ΓZ
are proportional to f 20 , which can be rewritten in terms of G, mZ and
polarization operators as in [8]:




Z [1−W (0) + Z(m2Z)−D]; (21)
where D comes from the radiative corrections to G [8]. If we divide f
2
0 by
(1 + (s)0) then the resulting expression will be nite, due to the fact that
all singular terms cancel. Thus, in the expression for the cross section of
e+e− ! hadrons there are no singular terms.
We should note, that there is an ambiguity in the denition of singular
and nite parts of the polarization operator. The constant term, proportional




















However, this ambiguity does not aect the expression for the cross section.









































(1 + 0js + a)(1− a)
=
Γ0i





where i = e; h; Z.
4 Z-lineshape in the presence of 4th genera-
tion.
According to the results of the previous section, the amplitude of e+e− !
hadrons is proportional to
Ah 
[
p2 −m2Z + iΓ0Zp2=mZ + (4th)Z (p2)− <((4th)Z (m2Z))
]−1
: (22)
In order to study the behavior of the cross section near the threshold quali-




as the contribution of all 4th generation particles to gA and gV . Then the
expression (22) takes the following form:
Ah 
[




Expanding this expression near the threshold of N N production (p2 = 4m2N ,
Ah  T0 + iT1
√

































where γ = (4m2N −m2Z)2 + (mZΓZ)2 and the second terms in the brackets in
eqns. (24, 25) are proportional to <[T0T 1 ] and =[T0T 1 ] respectively. As it was
mentioned in section 2 the form of the p2 dependence of the cross section near
the threshold is determined by the relative phase of T0 and T1. In our case we
have two types of casps (see Figs. 3), which correspond to argT0−argT1 lying
in the third quadrant for 4m2N < m
2





or to <[T0T 1 ] and =[T0T 1 ] being negative for 4m2N < m2Z and <[T0T 1 ] being
positive, while =[T0T 1 ] being negative for 4m2N > m2Z . It can also be seen
from Figs. 3 that the cross section of e+e− ! hadrons decreases above the
threshold in accordance with the unitarity.























Figure 3: The dependence of relative departure of the e+e− ! hadrons cross
section in the presence of 4th generation from the SM prediction on the c.m.
energy of e+e− for mN = 45 GeV (a) and mN = 47 GeV (b).
Though the change of Z-lineshape due to these casps is very small com-
pared to the pure Breit-Wigner curve, as it is shown in Fig. 3, this eect
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may manifest itself when comparing the theoretical predictions with the ex-
perimental data. It is due to the fact, that Z-lineshape is measured with
very high precision. In the next section we will compare the theoretical cross
section with the experimental data.
5 Comparison with the experiment.
The experimental data on the cross section of e+e− ! hadrons reaction is
usually presented in the form, that includes the electromagnetic corrections,
i. e. initial and nal state interactions and photon emission [11]. In order to
compare our formulae for the cross section with experimental ones, we use
the ZFITTER code [12], which takes into account these corrections. We use
the following inputs:
mZ = 91:1882(22) GeV; mt = 175(4:4) GeV;  = 1=128:918(45);
s = 0:1182(27); mH = 120 GeV:
With the reasonable assumption that the inital and nal state radiation






where ZFh is the result of ZFITTER code and
h =
12ΓeΓh




at values of c. m. energy, at which the experimental values of cross section
were measured [11]. There are 35 experimental points from 1995 data, which
we use. These points are extracted from Fig. 2 of [11] and presented in Table
1. We took only the points corresponding to 1993-1995 set, due to the fact
that they are measured with higher precision than the 1991-1993 set. Then










2In our case N = 1, because only heavy neutrino mass is a free parameter, all other
parameters are fixed.
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exph is the experimental value of cross section and 
exp
h is its error, in order
to determine at what condence level the 4th generation is excluded by the
experimental data. However, the bound on N mass from below depends on
the higgs mass and mass splittings between U and D quarks and between
E and N leptons. The eects of varying mH , jmU − mDj, and jmE − mN j
are not independent. As it was shown in [5], the increase of jmU −mDj or
jmE − mN j can be compensated by the increase of higgs mass. This leads
to the appearance of 2min valleys. It can be seen from Figs. 4a) and 4b),
where the dependence of 2 on mH ; jmU −mDj (a) and mH ; jmE −mN j (b)






























































Figure 4: The dependence of 2 onmH , jmU−mDj (a) and onmH , jmE−mN j.
If we use then the LEP II bound mE > 100 GeV and the results of [5],
that the best t of electroweak data corresponds to the light E near the bound
and mN  50 GeV, then we have only two parameters, mH and jmU −mDj
that aect the bound on mN . As it can be seen from Fig. 5a) the best t is
acquired for 0:11mH − 19:7 < jmU −mDj < 0:12mH − 9:2. In this region of
masses we calculate 2 and nd that the 4th generation is excluded at 95%
C. L. for mN < 46:7 0:2 GeV. The theoretical uncertainty is caused by the
varying of jmU −mDj from 0 to 50 GeV, as well as by the uncertainties of
the input parameters of ZFITTER, which were also used when calculating h
and SMh . The main contribution to the theoretical uncertainty comes from
mt and S. The variation from 0 to 50 GeV is chosen, because the quality
of the t is fast worsening for jmU −mDj > 50 GeV.
In order to illustrate the dependence of the t quality on the higgs mass
we study 2(mN ; mH) (see Fig. 5b)). From this gure it is seen that the 95%
C. L. bound lies below 50 GeV and slightly varies with the increase of the
12






































Figure 5: a) Exclusion plot on the plane mH , jmU −mDj for mN = 49 GeV;
2min = 0:85 denoted by cross b) Exclusion plot on the plane mH , mN for
jmU −mDj = 10 GeV; 2min = 0:85 denoted by cross. Solid lines represents
the borders of 1, 2, 3, 4 and 5 regions.
higgs mass near mN = 47 GeV. In this gure we take jmU −mDj = 10 GeV.
It can be seen from Figs. 5 a) and b) that for certain region of 4th generation
particles and higgs masses the quality of the t can be even better than in SM.
According to the results of [11] the 2=nd:o:f:(SM) = 1:09, which corresponds
to 2 level, while in the presence of 4th generation it is 2min=nd:o:f: = 0:88,
which is inside 1 region.
We should note, that the direct search of heavy neutrinos in e+e− anni-
hilation into a pair of heavy neutrinos with the emission of the initial state
bremsstrahlung photon (e+e− ! γ + Nothing) could result in the bound
mN  50 GeV [3, 4] if all four LEP experiments will make a combined anal-
ysis [6].
Though this bound onmN would be slightly better than the one, obtained
in the present paper, the data and the procedure used to extract the bounds
are completely dierent and independent.
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6 Conclusions.
In the present paper we analyzed the dependence of Z-lineshape on the lo-
cation of the threshold of N N production. We studied the behavior of
e+e− ! hadrons cross section near the threshold of N N production and
determined how this threshold changes the Z-lineshape. In order to nd the
bound on mN , we compared the theoretical predictions for the Z-lineshape
with the experimental data, using the exact formulae for Z polarization op-
erator, instead of expanding it into a Taylor series near mZ .
We found that the bound on N mass depends on the higgs mass and
the splittings of 4th generation quark and lepton masses (jmU − mDj and
jmE − mN j). However, the eects caused by them are not independent,
because the increase of mass splittings can be compensated by the increase
of the higgs mass, as it was shown in [5]. Using the results of [5] we xed
mE = 100 GeV. Then we used the fact that jmU − mDj and mH are not
independent. Thus, we had one free parameter left: jmU −mDj. We varied
jmU −mDj from 0 to 50 GeV and found that the 4th generation is excluded
by the experimental data at 95% C. L. for mN < 46:7  0:2 GeV. The
theoretical uncertainty is caused by the varying of jmU −mDj , as well as by
the uncertainties of the input parameters of ZFITTER, which were also used
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Table 1.
The experimental values of the e+e− ! hadrons cross section, obtained by
ALEPH, DELPHI, L3 and OPAL collaborations, extracted from Fig. 2
of [11].
p
s is presented in GeV, h in nanobarns. The 1993-1995 data set.
Table 1.1 ALEPH
p
s 89.4316 89.4400 91.1860 91.1980 91.2200 91.2840
h 9.891 9.980 30.500 30.43 30.458 30.555
h 0.043 0.044 0.078 0.032 0.067 0.13p
s 91.2950 91.3030 92.9685 93.0140
h 30.678 30.660 14.300 14.04
h 0.078 0.090 0.060 0.056
Table 1.2 DELPHI
p
s 89.4307 89.4378 91.186 91.2 91.203 91.28
h 9.87 9.93 30.392 30.50 30.46 30.65
h 0.044 0.056 0.065 0.044 0.19 0.13p
s 91.292 91.304 92.966 93.014
h 30.67 30.46 14.35 13.89
h 0.098 0.086 0.044 0.045
Table 1.3 L3
p
s 89.4497 89.4515 91.206 91.222 91.297 91.309
h 10.088 10.08 30.358 30.547 30.525 30.545






s 89.4415 89.45 91.207 91.222 91.285 92.973 93.035
h 9.980 10.044 30.445 30.46 30.64 14.27 13.85
h 0.044 0.034 0.053 0.025 0.098 0.046 0.046
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